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SUPPLEMENTARY APPENDICES

Recall that our proposed estimate §LM(t) -3 (t | t0)§ (to). Let ,@ and B* be the maximizers of the log
partial likelihood functions corresponding to the proportional hazards working models (2.3) and (2.4),
respectively. In addition, let 3, and B; denote the limits of B and B*, respectively. Let S (8", to) =
N S Sz (8% 1), S(B.t | o) = ngg 1% Swip(B,t | to), and Su(8°, B, 1) = S(8",10)S(B, 1 | to),
where S, (8%, ty) = e~ Ru(B" o) Sy(B,t | to) = e MBH) X (B to) and Ay(B,t | to) are obtained by
replacing B* and B in /A\u(to) and /A\v(t | to) by 8" and B, respectively. Then 5(3*,%) = §(t0),
A(B,t | to) = §(t | to), and §LM(,@*,B,1§) = §LM(t). Furthermore, with a slight abuse of notation,
we define S, (8% ty) = P(Ti; > to|Z)8" = u) = e 2B and S,(B,t | to) = P(T > t{WB =
0, Ty > to) = e~ MBH0) Hence S,(tg) = Su(B% 1) and Sy(t | to) = Su(By.t | to). Let Wiu(t, to) =

\/ﬁ{gLM(B*, B, t) — S(t)}, which can be decomposed as
V{8 (B, B,t) = Suni(B5, Bo, 1)} + vVnd S5, Bus 1) — S(1)}

and let W2(to) = /a{S(B, to) — S(to)} and WW(t | to) = /ig {S(B, t|te) — S(t|to)}.

Assumption A.1 Censoring, C is independent of {7}, Z} given treatment assignment, G.

Assumption A.2 Treatment assignment, G, is independent of Z.

Regularity Conditions (C.1) Throughout, we assume several regularity conditions: (1) the joint
density of {T., Ts,C} is continuously differentiable with density function bounded away from 0 on
0,¢], (2) ZTB; and WT3 have continuously differentiable densities and Z is bounded, (3) h = O(n™")
with 1/4 < v < 1/2, (4) K(x) is a symmetric smooth kernel function with continuous second derivative

on its support and [ K (z)%dx < oo, where K (z) = dK (z)/dx.
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SUPPLEMENTARY APPENDIX A: VARIABILITY OF 3 AND 3

In Theorem S.1 we show that the variability of B* and B is negligible and can be ignored in making

inferences on §(B*, to), A(B,t|t0) and §LM(BS,BO,1€).

Theorem S.1. Assume A.1, A.2, and Regularity Conditions C.1 hold. Then

\/ﬁ{gLM(,/B\*,B,t) - §LM(/337507U} = 0p(1)

Proof of Theorem S.1. We focus on S(B , ) only as properties of S(B, t|to) follow similarly. We will
show that the variability of 8 is negligible in the sense that /n{S(8 ,t,) — S(8;. to)} = 0,(1). Let
F(B,u) = n'S2"  I(8'Z; < u) and F(B,u) = P(3'Z < u). We estimate S(ty) = P(T, > to)
by S(B',t)) = [S.(B,te)F(B",du). For By — B,| < € = o(1), we then have \/n{S(By,ty) —
S(B1,t0)} = Valli+Io+Is+14], where Iy = [{S8,(By, to)—Su(B1, to)—Su(Ba, to)+Su(B1, to) } F(Bs, du),
I = [{Su(By:to) = SulByto) HF (By, du) — F(By,du)}, Iy = [ Su(By,to){F(By, du) — F(By, du) -
F(By, du) + F(B,,du)}, and I, = [{S.(B,,t0) — Su(By,t0) HF(By, du) — F(B,,du)}. Here we used

the fact that

/ Su(Boy to) F(Boy dt) = / Su(By. t0) F(By, du) = S(to).

We next bound Iy, I5, I3 and 1. To bound I, we will show that

u agu(/ﬁat()) N asu(ﬁ7t0) ‘ 0 .
Su,}f’{ - 5 } = 0,(1). (A1)

FiI"St, Supy s laé\u(ﬁa tO)/a/B - 8Su(/67 tO)/a/B‘ < él Sup,, g ’aKU(ﬁ> tO)/a/B - 8Au(167 tO)/a/g}‘7 where él

is a positive constant and

Ra(Bote) o d{n T i NiOh K87 - )2
I /0 n 3 Yit) Kn(B'Zi — w)



) /tod{nl S N KA(B'Z: — w)} {n ™t S, Yi)h Kn(B'% — w)Z: |
o {n ' S Vi Ka(8'Z; — w)Y’ |

Note that

n_IZY VK (BZ: — 1) — B{Y() Kn(B'Zi — u)} — / (x> ) Kn(s — w)d{ Es(x, s) — Fa(z, )}

=1

:n‘I/Q/I(x > 1)Ky (s — w)dGp, (2, 53 8) + O{n " h ™ log(n)?} = o{(n™Y/2 + (nh) ™)n<},

for any € > 0, where Fg(z,s) = P(X; <z,08'Z; < s), F\g(x,s;ﬂ) =n 'Y " (X, <x,07Z; <s)and

Gpg,(z,s;3) is a Gaussian process such that

sup [|V{ Fa(z, 5) — Fa(z,5)} — G, (2,5 B)]| = O(n~"2log(n)?) almost surely.
z,s,3

The existence of such a Gaussian process, which is a time-transformed Brownian bridge, is ensured
by the strong approximation result of Tusnady (1977). In the last step above, we used the fact
that sup, gl [ I(z > t)K(s — u)dGp,(x,s; 8)|| = o(n°) for any € > 0 (Bickel & Rosenblatt, 1973).

Therefore, we have

sup
677“”

0 S YO KA (B2 — u) — B{Y(OIBZ: = u} fy£(v) |= OF (072 + (nh) ™) + 1%},
i=1
for any € > 0. Similarly, for any € > 0,

nt Z Yi()h ' Kn(B'Zi — u) Zy; — B{Yi()h K3 (B'Zi — u) Zy;}

:n_l/Q/I(:L’ > t)2h Ky, (s — w)dGy, (x5, 2; 8) + O{h™In=2/3 log(n)‘i} = o(n"12p7h),

where d > 0, Zy; is the first component of vector Z;, Hg(z,s,2) = P(X; < 2,87 < 5,2y < 2)



f-\Ig(x, s,2)=n"'>0" (X, <x,08Z; <s,Z; < z) and Gp,(z,s; 8) is a Gaussian process such that

sup H\/_{Hﬁ(x s,2) — Hg(x,8,2)} — Gu,(2,5,2,8)|| = O(n~/" log(n)‘z) almost surely.

xsz

The existence of the Gaussian process is ensured by the results of Massart (1989). Furthermore, by

the standard Taylor series expansion, we have

OE{Yi(t)|8'Z; = u}

_ e—1/27,—1
33 O(n“2h= + h).

Z(U)

sup

ZY Ky (B2 —u)Z; —

for any € > 0. Similarly, we can show that

OB{N:(1)|8'Z: = u}

— O(me=1/2—1
08 O(n h™" +h)

Z(U)

sup

ZN WKy (B2 —u)Z; —

and supg,, In=t 3" Ni()Kn(B'Z; — u) — E{N;(t)|B'Z; = u} fgz(u)| = O{(n™Y2 + (nh)"Y)n® + A%},

Furthermore, using integration by parts we have

OML(B,t0) _ 2y Nilto)h™ " Kn(B'Z: — )2,
B i1 Y‘(to)Kh(ﬁ'Z' —u)

/ *1ZN hENBZ ‘“)Zd{n—l zylmt;ffh(ﬁ’zi—u)}

I {n ! L YO (B~ u)Zif d {0 S N EABZ — w)
: {0 L YO Ka (B — )}’ |




Thus 8Ku(ﬁ, to)/0B — 0N (B, to) /0B can be bounded by

‘ Sy Ni(to)h Kn(B'Zi —w)Z;  OE{Ni(to)|8'Z: = u}/0p

Zz 1 Y(to)Kh(ﬂ Z; —u) E{Yi(t0)|B'Z; = u)}

OE{N;(t)|B'Z; = u}
B

1

ZN VKW (B'Zi — u)Zi — n=LY 0 Yi(t) Kn(B'Z; — U)}

fat) |4

f 2 (u)d - - :
0B pz n IS Vi) Ku(B'Zi —u)  E{Y;(t)|B'Zi = u} fary (u)
" / (1 (0K (BZ: —w)}*  EYi(0IB'Z: = u} fg5(u)

0 OE{N;(t)|8'Zi = u}
‘ /o
P S O KB =i B8 = u}/0B |, {n S N0 K (BZ m}
i=1
o _OE{Y;(t)|B'Zi —u)/0B
o E{Yi(1)|B'Zi = u}*fg5(u)

+

d {n S N ENBZ: — u) — B{N(1)|BZi = U}fg'v(u)} \
i=1
=0(n“"Y2h~Y 4 h) = 0,(1) for any € > 0, where h = O(n~%),d € (0,1/2).

Therefore, (A-1) holds. Tt then follows that

op Bk
_ / {8§u<ﬁ2,to>  05.(Ba to)

- | {05““2’“) - Ol to) } F(8, 40,18, — B)

a8 a8 }{F(,@Q,du)+0p(n2)}0p(|,82—,81|) :Op(|/62_,31|)-

Next, we note that I = [{S.(8s,t0) — Su(B1,t0) HF(Bs, du) — F(By, du)} = O,(n"72|8, — B,]), and

I = / 5(Bu.to) [F(By, du) — F(B,,du) — F(By,du) + F(By, du)}
< sup 15(8, )| / |F(By,u) — F(By,u) — F(By,u) + F(By,u)|du = Op(n2|8, — B,]'/?)
I, = SﬂUP |§u(/317 tO) - Su(617t0)| X Op(|52 - /31|) = Op({(nh)_l/Q 10%(”) + h2}|52 - ﬁ1|)

where we used the fact that S(3,, %) = O,(1) and SUD|g, - B, <é.u n'2|F(B,,u) — F(By,u) — F(By,u) +

F(By,u)| = 0,(6Y?). Therefore, n'/2(I, + Iy + I3+ 1) is bounded by o0,(n'/?|B, — B, |+ O, (|85 — B,[*/?)



for h = 0,(n™°),8 € (0,1/2). This implies that

V{S(By, o) — S(By,to)} = 0,(n'/?|By — By| + 0,185 — By['/?).

Since this result is uniform for (3,, 8,), we can let (8,5, 8;) = (E*,ﬁg) and obtain

Vi{S(B to) — S(By,to)} = 0p(1),

where we used the fact that |3 — 35| = O,(n~"/2). Therefore, the variability of 8 can be ignored in
making inferences on S (,@*, to) and W2(t,) is asymptotically equivalent to WZ(ty) = /n{S (85, to) —
S(to)}. Note that the derivations above only requires h = O(n~%) with § € (0,1/2). Intuitively, the
reason B* does not contribute any additional noise to S (B*,t()) is due to the fact that the limiting

quantity S(3,t) is in fact free of 3. Our derivations essentially establish the stochastic equicontinuity

property of n%{g(ﬁ,to) — S(B,ty)}. As a result,

n2{S(B",to) — S(B5.to)} = n2{S(B . to) — (B to)} + 0,(1)

. S(B.
@ —-ﬂ;ﬁ>——%%fﬂhﬁﬁs+-q41>

VI

=n

Since S(B,ty) is free of B, 05(8,t)/0B = 0 and hence n%{g(g*,to) - §(,83,t0)} = 0,(1). Using the
same arguments, it can be shown V/\7W(t | to) ~ Ww(t | o), where )7\//""(25 | to) = /n{S(By, t|to) — S(t |

to)}. Using a Taylor series expansion, one can show that

Wit to) =~ Sto)WY (t|to) + S(tlte)W2(to). (A-2)

It follows that WLM(t,tO) is asymptotically equivalent to Wiy (t,ty) = \/ﬁ{§LM(,33,,60,t) - S(t)}.

Hence, we focus on the asymptotic expansions of Wz(tg), W(t | ), and WLM(L‘, to) with B; and 3, as



given. [

SUPPLEMENTARY APPENDIX B: RELATIONSHIP TO AUGMENTATION APPROACH

We now examine the relationship between our proposed estimation procedure and an augmentation
approach. In Supplementary Appendix B.1 we show that our proposed estimate of survival can be
expressed in the form of the Kaplan Meier estimate of survival plus an augmentation term composed
of a martingale residual for censoring. In Supplementary Appendix B.2 we investigate the choice
of basis function, H(Z;), when estimating KAUG(t) i.e. for augmentation using covariates which are
independent of treatment assignment. We show that an explicit form of the optimal basis can be

obtained and estimated.

Supplementary Appendiz B.1: Censoring Augmentation Term

To compare §LM(B*, B, to) to the KM estimate, we may approximate \/ﬁ{gKM(t) —S(t)} by

s s [ S I

S(tlto) [S(to) /O ’ dj‘jf;ﬁ“) Mpic E(g) >to) _ S(zo)”

This, together with (I.5) in Appendix I, implies that :S'\LM(,@*,B,t) = §KM(t) + n;.! Ziegto vi1(t, to) +

n=t Yo vt to) + Op(n‘%), where

valt ) = Sttt [ |z a0) T = 50 .

Thus, our complete proposed estimator can be expressed as the KM estimator plus an augmentation

term composed of two quantities, one involving censoring occurring before ¢, and the other involving



censoring occurring between ¢y and t.

Supplementary Appendiz B.2: Covariate Augmentation Term for Estimating Treatment Difference

We next derive the optimal basis for augmenting KLM(t) leveraging information from the randomized
treatment assignment. Since only Z, which is measured at baseline, is independent of treatment
assignment, G, (Assumption A.2) we only consider the class of functions {H(Z, ¢)} and find the optimal
H, H,,, to minimize Var{ﬁLM(t) —n 'Y {I(G; = B) — p}H(Z;,t)}. To approximate H,,, we first

note that Dyy(t) = n2{A.u(t) — A(t)} is asymptotically equivalent to

n

ne Z |:{¢1i,A(ta to) + P2ia(t, to)}

i=1

1(G; = A)
(1-p)

—n"2 Z [P13,4(t, o) + P2i,a(t, to) — d1i,6(t, to) — d2i(t, to) — 9i(t, t0){1(G;: = B) — p}]

i=1

— {1t to) + ¢2u n(t, to)}H@—:m

where

gi(t o) = b14,a(t, toi t;lj%,A(t, to) n 1i,8(t, to) -}}?— P2i.(t, o)

It is straightforward to see that

H...(Z,t) = E{gi(t.to) | Zi} = Z (1 —p) "= T O=D B gy;(t, to) + ¢ilt, to) | Zi, Gi = G}
Ge{A,B}

To derive an expression for H,,,, we note that

E{](XLi>t0)SUi(t|t0)/ttMCi—w | zz} :O:E{SU;(tO)/OtOM | zz}

0 ﬂ-Ui(S|t0) 7TU,-*<S)



since E{Mc¢;(s) | Z;,G;} = 0= E{Mc,(s|to) | Ui, Xri > to} = 0. Therefore,

Bl 120} = 8|S G Sty ~ et} 1%:9]

= {Sziygi(t to) - ng‘ (t|t0>}SZi,gi (to)
E{gy(t to) | Z,Gi} = E {Sg(ﬂto) {% - Sgi(to)] | Ziagi}
= Sg,(tlto) {5z,6,(to) — Sg(to) }

where Sag(t) = P(C >t | g), Sz,g(t,to) = P(T]L >t | T]L > tO,Z,Q) and Szyg(to) = P(T]L > to | Z,Q)
Therefore, H,,, can be chosen as

Sz.(t) — Sg(t)

H,(Z.t)=— Y - (B-1)
op ? _ G=A),I(G=B

Thus, this is the optimal basis for augmenting the proposed estimator. Note that Sz 4(t) for patients

with G; = B is the survival probability for his/her counterfactual survival time in treatment A.

SUPPLEMENTARY APPENDIX C: INTERVAL ESTIMATION VIA RESAMPLING

Though we have derived the form of the variance of our proposed estimator in Appendix II, estimating
this variance explicitly is computationally involved. To overcome this issue, we construct confidence
intervals(ClIs) using a perturbation-resampling method (Park & Wei, 2003; Cai et al., 2005; Tian et al.,
2007) to approximate the distributions of the aforementioned estimators. Specifically, let {V®) =
(Vl(b), s Vn(b))T, b=1,...B} be n x B independent copies of a positive random variable V from a known
distribution with unit mean and unit variance. Let B(b) be the solution to

% S ico, VVY;(2)e? Wi W
> / VO w, - L (b)j TV anN(z) =o.
to Yjea, Vi Yi(2)e? Wi

i€y

10



b NG
Sicay, Vi esp{-A0 0} <

® A () = f

e .
Sicay, Vi U; o Ficq,, Vi Kn(Du)Yi(z) T

t Zieﬂto VKR (DE)ANi(2) ®)

Let S® (t|to) = = ﬁi(b) —u and ﬁi(b) =

~(b ~
,6‘( )TWi. We may obtain S®(t,) by replacing W; = Z; throughout and using all patients and let

§£If\i(t) = 30 (t] to)g(b) (to). Then one can estimate the variance of §LM(t) as the empirical variance
of {S\&/)[(t),b = 1,..,B}. This procedure can be used to obtain 5® (1) 5®) (), and ﬁgﬁ(t) =

AL P B
§£?1,A<t> - §£lf\)[B(t) for b = 1,...B. Then one can estimate &(A.y(t)) as the empirical variance of
ﬁgﬁ(t) Let @ =) {I(Gi=B) — p}ﬁopt(Zi, t). To examine whether our proposed procedure benefits
from augmentation, we examine A,u(t) by obtaining ¢ as var(@) ‘cov{A.(t),a} where var(a) is
the empirical variance of @® and cov{A,y(¢),a} is the empirical covariance of A%%(¢) and a® for
b=1,..Band a® = Y, V"{I(G; = B) — p}H.,.(Z;,t). To construct ClIs, one can either use the
empirical quantiles of the perturbed samples or a normal approximation. Similar procedures can be
used to obtain variance and interval estimates for Sy (t). The validity of the perturbation-resampling
procedure can be shown using similar arguments as in Cai et al. (2010) and Zhao et al. (2010) since

the distribution of v/n{Syx(t) — S(¢)} can be approximated by the distribution of v/n{S%(t) — Sy (t)}

conditional on the observed data.
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